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Abstract 

The Nakamura's algorithm is applied to compute the Hilbert 
scheme for the D-brane model ^(1,2, 10). 



1 Introduction 



The moduli space of a D-Brane localized at the singular point of 
the Calabi-Yau orbifold C 3 /Z n is an interesting object to study, 
because it describes phases of models [jlj, £fl 

— (ai,a,2, as), 
n 

where characters a\ y 0,2,0,3 are coprime to n and Ef = i^ = 
(mod n). The D-brane moduli space is isomorphic to the Hilbert 
scheme, which is the fine moduli space of Z n -clusters 0, H, |5|. 
Nakamura |3j proposes an algorithm to compute Hilbert schemes 
as toric varieties given by fans. 

The purpose of the present paper is to apply the Nakamura's 
algorithm to compute the Hilbert scheme for the model 

^(1,2,10), 

which has been studied in j§] by another method. 



2 Constructions 

In this section we give a sketch of Nakamura's constructions 

Proposition 1. For every Z n -cluster the defining equations 
can be written as equations in one of the two following forms: 
either 

x a+d+l = Xy b z f yb+l z f+l = jjvxa+d 

yb+e+1 _ ^ z c x d z c+l x d+l _ \jyyb+e X y Z _ ^ p ^ 
z c+f+l = yx a y e x a+l y e+l = X^c+f 

for some a, 6, c, d, e, / > 0; or 
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x a+d = p^yb-l z f-l y b z f = ax a+d-l 

y b+e = OL^z c ~ l x d ~ x z c x d = Py b+e ^ 1 xyz = a(3^f (J,) 
z c+ f = a(3x a ~ l y e ~ 1 x a y e = 7z c+ -^~ 1 

for some a, b,c,d,e, f > 1. 

Proposition 2. The fan of the Hilbert scheme is given by the 
cones with the vertexes (divisors) 

P = (6c+6/+e/+6+c+e+/+l, ac+cd+df +d, afr+ae+de+a) 
Q = (bc+bf +ef +b, ac+cd+d/ +a+d+c+/+l, a6+ae+de+e) 
i? = (bc+bf + ef + f, ac+cd+df +c, ab+ae+de+a+b+d+e+1) 

for the equations (|), and by the cones with the vertexes (divi- 
sors) 

P = (bc+bf +ef — b—c—e — f + 1, ac+cd+df — d, ab+ae+de — a) 
Q = (bc+bf+ef — b,ac+cd+df — a—d—c—f+l^ab+ae+de — e) 
R = (bc+bf + ef — f, ac+cd+df — b, ab+ae+de — a — b — d—e+1) 

for the equations (J,). 
3 Computations 

In this section we compute the Hilbert scheme for the model 
13(1,2,10). 

Figure 1 shows the McKay quiver tesselated by tripods for 
13(1, 2, 10). The corresponding monomial representation of this 
quiver is illustrated in Figure 2. 

Comparing the hexagons of Figure 1 marked by identical 
numbers and using the corresponding monomials of Figure 2, 
we infer the following equations for Zi3-clusters: 
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x = y z 


4 2 
= 2 X 


9 1 
Z — X?/ 




2 

x — y z 


5 

y = z 


-v 3 „ ,2 

z — y 




2 

x — y 


4 2 
— 2- X 


z — y 




2 

x — y 


5 

y = z 


9 3 
2- — a;?/ 


( A\ 
\V 


2 

x — y 


y — z 


4 

2 — X 


V>) 


2 

x — y 


7 

y — x 


5 

2 — 2/ 


(f\\ 
(OJ 


4 

X = 2 


y 2 = 


z 8 = y 


(7) 


4 3 

ar = z° 


2 

y = x 


A 

Z = X 


(8) 


x 7 = 


2 

y = ar 


z 3 = ar 4 


(9) 


X 10 = z 


2 

y = x 


2 7 

2r = ar 


(10) 


x 13 = 1 


2 

y = ar 


2 = x 10 


(11) 


7 

x = y 


2/ 13 = l 


2 = ?/ 5 


(12) 


x = z 4 


2/ = 


z 13 = l 


(13) 



Note that we write this equations omiting multiplicative con- 
stants A, fi, is, a, (3, 7. Note also that we require the agreement 
of our equations with the defining equations of Proposition 1. 
This requirement gives us the exponents of x*,y*,z*: 



a = 


1, 


b = 


2, 


c = 


2, 


d = 


1, 


e = 


3, 


/ = 


1 


for 


(i) 


a = 


0, 


b = 


2, 


c = 


1, 


d = 


0, 


e = 


2, 


/ = 


1 


for 


(2) 


a = 


0, 


b = 


1, 


c = 


2, 


d = 


1, 


e = 


2, 


/ = 





for 


(3) 


a = 


1, 


b = 


1, 


c = 


1, 


d = 


0, 


e = 


3, 


/ = 





for 


(4) 


a = 


1, 


b = 


1, 


c = 


3, 


d = 


0, 


e = 


0, 


/ = 





for 


(5) 


a = 


0, 


b = 


1, 


c = 


0, 


d = 


1, 


e = 


5, 


/ = 





for 


(6) 


a = 


0, 


b = 


0, 


c = 


3, 


d = 


0, 


e = 


1, 


/ = 


4 


for 


(7) 


a = 


1, 


b = 


0, 


c = 


0, 


d = 


2, 


e = 


0, 


/ = 


3 


for 


(8) 


a = 


4, 


b = 


0, 


c = 


0, 


d = 


2, 


e = 


0, 


/ = 


2 


for 


(9) 


a = 


7, 


b = 


0, 


c = 


0, 


d = 


2, 


e = 


0, 


/ = 


1 


for 


(10) 


a = 


10, 


b = 


0, 


c = 


0, 


d = 


2, 


e = 


0, 


/ = 





for 


(11) 
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a = 0, 6 = 7, c = 0, d = 0, e = 5, / = for (12) 
a = 0, 6 = 0, c = 8, d = 0, e = 0, / = 4 for (13) 



Using these exponents and Proposition 2, we obtain the fol- 
lowing cones of the fan: 



p _ 

1 — 


(0 A 7\ 


n — 

w — 


(7 1 K\ 


T? _ 
it — 


^o, o, 


lOI 


\ l ) 


p = 


(13,0,0) 


Q = 


(8,3,2) 


R = 


(7,1,5) 


for 


(2) 


p = 


(8,3,2) 


Q = 


(3,6,4) 


R = 


(2,4,7) 


for 


(3) 


p = 


(7,1,5) 


Q = 


(2,4,7) 


R = 


(1,2,10) 


for 


(4) 


p = 


(8,3,2) 


Q = 


(4,8,1) 


R = 


(3,6,4) 


for 


(5) 


p = 


(7,1,5) 


Q = 


(1,2,10) 


R = 


(0,0,13) 


for 


(6) 


p = 


(13,0,0) 


Q = 


(4,8,1) 


R = 


(8,3,2) 


for 


(7) 


p = 


(4,8,1) 


Q = 


(0, 13,0) 


R = 


(3,6,4) 


for 


(8) 


p = 


(3,6,4) 


Q = 


(0, 13,0) 


R = 


(2,4, 7) 


for 


(9) 


p = 


(2,4, 7) 


Q = 


(0, 13,0) 


R = 


(1,2,10) 


for 


(10) 


p = 


(1,2,10) 


Q = 


(0, 13,0) 


R = 


(0,0, 13) 


for 


(11) 


p = 


(13,0,0) 


Q = 


(7,1,5) 


R = 


(0,0, 13) 


for 


(12) 


p = 


(13,0,0) 


Q = 


(0, 13,0) 


R = 


(4,8,1) 


for 


(13) 



The Hilbert scheme for jo(l, 2, 10) is illustrated in Figure 3. 
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Figure 1 




Figure 2 
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13,0,0 




Figure 3 
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